Oscillations 


15 


Conceptual Questions 

15.1. The period of a block oscillating on a spring is T = iKsjmlk. We are told that 7J = 2.0 s. 

(a) In this case the mass is doubled: m 2 = 2 m x . 

T 2 _ 2jiyjm 2 /k jm 2 _ 12 m x ^ 

7j 2n^m x tk y m x y m ] 

So T 2 = V27] = 72(2.0 s) = 2.8 s. 

(b) In this case the spring constant is doubled: k 2 = 2 k x . 

T 2 _ 2K^m!k 2 l~k~ _ l~k~ _ l 

7] 2 ]j k 2 ]J 2 k x 72 

So T 2 = T x A/2 = (2.0 s)/V2 = 1.4 s. 

(c) The fonnula for the period does not contain the amplitude; that is, the period is independent of the amplitude. 
Changing (in particular, doubling) the amplitude does not affect the period, so the new period is still 2.0 s. 

It is equally important to understand what doesn't appear in a formula. It is quite startling, really, the first time you 
realize it, that the amplitude doesn’t affect the period. But this is crucial to the idea of simple harmonic motion. Of 
course, if the spring is stretched too far, out of its linear region, then the amplitude would matter. 

15.2. The period of a simple pendulum is T = 2n^Ltg. We are told that 7} = 2.0 s. 

(a) In this case the mass is doubled: m 2 = 2m x . However, the mass does not appear in the fonnula for the period of a 
pendulum; that is, the period does not depend on the mass. Therefore the period is still 2.0 s. 

(b) In this case the length is doubled: L 2 = 2L x . 

T 2 _ 2K^LJg _ |Z7 _ 1 2Lf _ 

7| 2K^Lytg ]j 4 ]j L x 

So T 2 = V27| = 72(2.0 s) = 2.8 s. 

(c) The formula for the period of a simple small-angle pendulum does not contain the amplitude; that is, the period is 
independent of the amplitude. Changing (in particular, doubling) the amplitude, as long as it is still small, does not 
affect the period, so the new period is still 2.0 s. 
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It is equally important to understand what doesn’t appear in a formula. It is quite startling, really, the first time you 
realize it, that the amplitude (# max ) doesn’t affect the period. But this is crucial to the idea of simple harmonic 

motion. Of course, if the pendulum is swung too far, out of its linear region, then the amplitude would matter. The 
amplitude does appear in the formula for a pendulum not restricted to small angles because the small-angle 
approximation is not valid; but then the motion is not simple harmonic motion. 


15.3. (a) The amplitude is the maximum displacement obtained. From the graph, ^4 = 10 cm. 

2k 

(b) From the graph, the period f = 2.0 s. The angular frequency is thus (O = 21- = 3.1 rad/s. 


(c) The phase constant specifies at what point the cosine function starts. From the graph, the starting point looks like 

1 \ K 

—A. So at t = 0, Acoscj) = —A means = ±—(±60°). Since the oscillator is moving to the left at t = 0, it is in 


n 


the upper half of the circular-motion diagram, and we choose </> 0 = +— 


15.4. (a) The equilibrium length is 20 cm since that is where the potential energy U = —k(x — x e ) 


(b) The turning points occur where the potential energy is equal to the total energy. These points are at x = 14 cm and 26 cm. 

(c) The maximum kinetic energy of 7 J is obtained when the potential energy is minimal, at the equilibrium point. 

(d) The total energy will be around 14 J. If a horizontal line is drawn at that energy, it intersects the potential energy 
curve at the turning points x = 12 cm and 28 cm. 


15.5. (a) A position-vs-time graph plots x(t) = Acos(wt + 0 O ). The graph of x(t) starts at —A and is increasing. So 

1 K K 

at t = 0, —A = A cos^o => </) 0 = ±—. We choose </) 0 = —— since the particle is moving to the right, indicating that it 
is in the bottom half of the circular-motion diagram. 

(b) The phase at each point can be determined in the same manner as for part (a). For points 1 and 3, the amplitude is 

1 K 

again —A. At point 1, the particle is moving to the right so </)\ =——. At point 3, the particle is moving left, so 

K 

</) 2 = +y. At point 2, the amplitude is A, so cos^ 2 = 1 => 0 2 = 0- 


15.6. (a) A velocity-vs-time graph is a plot of v(t) = -Aws\n(a)t + 0 O ). At t = 0, the amplitude is —v max = — Act) 


= -Aa>s\n(f)Q, so = sin 1 ^ | = 221 or -21. Since v(t = 0 s) is increasing, we need -sin(rw + </> 0 ) increasing at 

t = 0, so we choose 

6 


n In 


K 


li n 5 n 


(b) The phase is (/) = wt + 0 O - At points 1 and 3, v(t) = v max , so 0 = sin 1 1 — I = — or —. At point 1, we need 

2 ^2^66' 

5/r k 

-sin^j, increasing, so <j) x = —. At point 3, -sin0 3 is decreasing, so </) 2 = —. At point 2, the amplitude is v max , 

6 6 


so 


-sin0 2 = 1, thus </) 2 = 


n 

Y 
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15.7. Energy is transferred back and forth between all potential energy at the extremes \ ]^kA 2 j and all kinetic 

, . . ( 1 9^1 

energy at the equilibrium point(s) I —rnv max " I. The equation does not say that the particle ever has amplitude A and 
speed v max at the same time. The equation relates expressions for the energy at two different times. 

15.8. Because each is circularly symmetric the center of mass is at the center of each. So the length of each 
pendulum is the same (i.e., R), so they have the same period. The period does not depend on the mass, but even if it 
did it is also the same in both cases. 

1 2 

15.9. One expression for the total energy is E = —mv^ ax , which occurs at the equilibrium point when U = 0. If the 
total energy is doubled, 

2 E = jm(v' max f = 2v max ) 2 

Thus the new maximum speed is v' max = \/2v max = V2(20 cm/s) = 28 cm/s 


15.10. The time constant r = — decreases as b increases, meaning energy is removed from the oscillator more 

b 

quickly since E(t) = is 0 e _ ' /r . 

(a) The medium is more resistive. 

(b) The oscillations damp out more quickly. 

(c) The time constant is decreased. 

15.11. (a) T, the period, is the time for each cycle of the motion, the time required for the motion to repeat itself, 
r, the damping time constant, is the time required for the amplitude of a damped oscillator to decrease to e -1 =37% 
of its original value. 

(b) r, the damping time constant, is the time required for the amplitude of a damped oscillator to decrease to 
e~ l =37% of its original value, while < 1/2 , the half-life, is the time required for the amplitude of a damped 
oscillator to decrease to 50% of its original value. 

15.12. Natural frequency is the frequency that an oscillator will oscillate at on its own. You may drive an oscillator 
at a frequency other than its natural frequency. For example, if you are pushing a child in a swing, you build up the 
amplitude of the oscillation by driving the oscillator at its natural frequency. You can achieve resonance by driving 
an oscillator at its natural frequency. 

Exercises and Problems 
Exercises 

Section 15.1 Simple Harmonic Motion 

15.1. Model: The air-track glider oscillating on a spring is in simple harmonic motion. 

Solve: The glider completes 10 oscillations in 33 s, and it oscillates between the 10 cm mark and the 60 cm mark. 

33 s 

(a) T =-= 3.3 s/oscillation = 3.3 s 

10 oscillations 

(b) / = — = —— = 0.303 Hz = 0.30 Hz 

T 3.3 s 

(c) co=2nf = 2^(0.303 Hz) = 1.90rad/s 
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(d) The oscillation from one side to the other is equal to 60 cm -10 cm = 50 cm = 0.50 m. Thus, the amplitude is 
A = 2(0.50 m) = 0.25 m. 

(e) The maximum speed is 



A = (1.90 rad/s)(0.25 m) = 0.48m/s 


15.2. Model: The air-track glider attached to a spring is in simple harmonic motion. 

Visualize: The position of the glider can be represented as x(t) = Acoscot. 

Solve: The glider is pulled to the right and released from rest at t = 0 s. It then oscillates with a period T = 2.0 s 
and a maximum speed v max = 40 cm/s = 0.40 m/s. 

(a) v = coA and co = = ~ K = n rad/s => A = ^ max = m ^ s =0.127 m = 12.7 cm = 13 cm 

max T 2.0 s co n rad/s 

(b) The glider’s position at t = 0.25 s is 

%25 s = (0-127 m)cos[(;rrad/s)(0.25 s)] = 0.090 m = 9.0 cm 

15.3. Solve: The frequency generated by a guitar string is 440 Hz. The period is the inverse of the frequency, hence 

T = — = ---= 2.27xl0“ 3 s = 2.27 ms 

/ 440 Hz 

15.4. Solve: The object’s position as a function of time is x(t ) = Acos(cot + 0 O ). Letting x = 0 m at t = 0 s, gives 

0 = Hcos0 o => 0 O = ±^7C 

Since the object is traveling to the right, it is in the lower half of the circular motion diagram, giving a phase constant 
between —n and 0 radians. Thus, 0 O = -2;rand 

x(t) = Acos(cot -j7c) => x(t) = Hsinraf = (0.10 m)sin(2-^t) 
where we have used A = 0.10 m and 

In In rad n ,. 

co = — =-= — rad/s 

T 4.0 s 2 

Let us now find t where x = 0.060 m: 

0.060 m = (0.10 mjsinf— 1\ => t = —sin -1 f ^ m l = 0.41 s 

U J n \ 0.10 m J 

Assess: The answer is reasonable because it is approximately 2- of the period. 

Section 15.2 SHM and Circular Motion 

15.5. Model: The oscillation is the result of simple harmonic motion. 

Solve: (a) The amplitude A = 20 cm. 

(b) The period T = 8.0 s, thus 

/ = — = —!— = 0.125 Hz = 0.13 Hz 
T 8.0 s 

(c) The position of an object undergoing simple harmonic motion is x(t) = Acos(cot + 0 O ). At t = 0 s, x 0 =10 cm. 
Thus, 

10 cm = (20 cm)cos0 o => </> 0 = cos" 1 j cm | = cos” 1 f — ] = ±— rad = ±60°. 

20 cm J \2) 3 
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Because the object is moving to the left at t = 0 s, it is in the upper half of the circular motion diagram and thus must 

K 

have a phase constant between 0 and K radians. Therefore, </) 0 = — rad = 60°. 


15.6. Model: The oscillation is the result of simple harmonic motion. 

Solve: (a) The amplitude A = 20 cm. 

(b) The time to complete one cycle is the period, hence T = 8.0 s and 

/ = - = —!— = 0.125 Hz = 0.13 Hz 
T 8.0 s 


(c) The position of an object undergoing simple hannonic motion is x(t) = Acos(cot + 0 O ). At t = 0 s, x 0 = -10 cm, 
thus 


=> COS0 O 


-10 cm = (20 cm)cos[£ 0(0 s) + 0 O ] 


-10 cm 1 

-= — => 0 O 

20 cm 2 


f 1 ! -- | = ±— rad or ±120° 


2k 


Since the oscillation is originally moving to the left, </> 0 = +120°. 


15.7. Solve: The position and the velocity of a particle in simple harmonic motion are 

x(t) = Hcos(<W + </> 0 ) and v x (t) = -Aa>sm(ax + 0 O ) = -v max sin(<W + 0 O ) 

(a) At t = 0 s, the equation for x yields 

(5.0 cm) = (10.0 cm)cos(^ 0 ) => = cos _1 (0.5) = +^K rad 

Because the particle is moving to the right at t = 0 s, it is in the lower half of the circular motion diagram, and the 
phase constant is between k and 2 n radians. Thus, = --=-/r rad. 

(b) The period is 4.0 s. At t = 0 s, 


v 0x = -H(Wsin^ 0 = -(10.0 cm) 



sin 



= 13.6 cm/s 


(c) The maximum speed is 

v max = j(10.0 cm) = 15.7cm/s 

Assess: The positive velocity at t = 0 s is consistent with the position-vs-time graph and the negative sign of the 
phase constant. 


15.8. Solve: The position and the velocity of a particle in simple harmonic motion are 

x(t) = Acos{cot + 0 O ) an d v x (t) = -Acosin(a>t + ^ 0 ) = -v max sin (rat + 0 O ) 

From the graph, T = 12 s and the angular frequency is 

2k 2k k ., 

(O = — =-= — rad/s 

T 12 s 6 

(a) Because v max = Aco = 60 cm/s, we have 


. 60 cm/s 60 cm/s ,, , 

A = -=-= 115 cm 

(O k! 6 rad/s 

(b) At t = 0 s, 

v 0x = -Acosm0 o = 30 cm/s => -(60 cm/s)sin0 o = 30 cm/s 
=> = sin^*(-0.5 rad) = -J& rad or jK rad 
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Because the velocity at t = 0 s is positive and the particle is slowing down, the particle is in the fourth quadrant of 
the circular motion diagram. Thus 0 O = —^Jl rad. 

(c) At t = Os, x 0 =(115 cm)cos(—rad) = 100 cm. 

15.9. Visualize: The phase constant n has a plus sign, which implies that the object undergoing simple harmonic 

motion is in the second quadrant of the circular motion diagram. That is, the object is moving to the left. 

Solve: The position of the object is 

x(l) = Acos(cot + </> 0 ) = Acosilnft + 0 O ) = (4.0 cm)cos[(4;rrad/s)/ + -j;r rad] 

The amplitude is A = 4 cm and the period is T = 1// = 0.50 s. A phase constant = IjiII rad = 120° (second 

quadrant) means that x starts at ~\A and is moving to the left (getting more negative). 



Assess: We can see from the graph that the object starts out moving to the left. 


15.10. Visualize: A phase constant of — — implies that the object that undergoes simple harmonic motion is in the 

lower half of the circular motion diagram. That is, the object is moving to the right. 

Solve: The position of the object is given by the equation 


x(t) = Acos(cot + <f> 0 ) = ^4cos(2;r ft + </> 0 ) = (8.0 cmjcos 


rad/sj/-y ra d 


The amplitude is A = 8.0 cm and the period is T = 1 // = 4.0 s. With </> 0 = -nil rad, x starts at 0 cm and is moving 
to the right (getting more positive). 

x (cm) 
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Assess: As we see from the graph, the object starts out moving to the right. 

15.11. Solve: The position of the object is given by the equation 

x(t) = Acos(cot + 0 O ) = Acos(2nft + 0 O ) 

We can find the phase constant 0 O from the initial condition: 

0 cm = (4.0 cm)cos0 o => cos0 o = 0 => 0 O = cos _1 (0) = ±\n rad 

Since the object is moving to the right, the object is in the lower half of the circular motion diagram. Hence, 
0 O = -\n rad. The final result, with / = 4.0 Hz, is 

x{t) = (4.0 cm)cos[(8.0;r rad/s)f - \n rad] 

15.12. Solve: The position of the object is given by the equation 

x(t) = Acos(cot + 0 O ) 

The amplitude is A = 8.0 cm. The angular frequency (0 =2nf = 2;r(0.50 Hz) = n rad/s. Since at t = 0 it has its 
most negative position, it must be about to move to the right, so 0 O = —n. Thus 

x(t) = (8.0 cm)cos[(;r rad/s)f - n rad] 


15.13. Model: The air-track glider is in simple harmonic motion. 

Solve: (a) We can find the phase constant from the initial conditions for position and velocity: 

x 0 = Acos</) 0 v 0x = -&>Hsin0 o 
Dividing the second by the first, we see that 


^L = tan ^ 0= _^ 

COS 00 ®x 0 

The glider starts to the left (x 0 =-5.00 cm) and is moving to the right (v 0x =+36.3 cm/s). With a period of 
1.5 s = 4 s, the angular frequency is co = 2 k!T = j7V rad/s. Thus 


0 O = tan 


-l 


36.3 cm/s 


(An! 3 rad/s)(-5.00 cm) 


= rad (60°) or -\n rad (-120°) 


The tangent function repeats every 180°, so there are always two possible values when evaluating the arctan function. 
We can distinguish between them because an object with a negative position but moving to the right is in the third 
quadrant of the corresponding circular motion. Thus 0 O = ra d. or -120°. 

(b) At time t, the phase is 0 = at + 0 O = (-|k rad/s)f - j k rad. This gives 0 = -jft rad, 0 rad, =;r rad, and j n rad 
at, respectively, t = 0 s, 0.5 s, 1.0 s, and 1.5 s. This is one period of the motion. 


Section 15.3 Energy in SHM 


Section 15.4 The Dynamics of SHM 

15.14. Model: The block attached to the spring is in simple harmonic motion. 
Solve: The period of an object attached to a spring is 


T = In J — =T 0 = 2.0 s 
k 0 


where m is the mass and k is the spring constant. 
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(a) For mass = 2m, 


(b) For mass \m, 



= (V2)r 0 =2.8 


s 



= r 0 /V2 =1.41 


s 


(c) The period is independent of amplitude. Thus T = T 0 = 2.0 s 

(d) For a spring constant = 2k, 


T = 2k.\^- 
\ 2k 


= T 0 /~J 2 =1.41 


s 


15.15. Model: The air-track glider attached to a spring is in simple harmonic motion. 

Solve: Experimentally, the period is T = (12.0 s)/(10 oscillations) = 1.20 s. Using the fonnula for the period, 

T = 2k.\^- => k = (—) m = f ———1 (0.200 kg) = 5.48N/m 
V k K T ) ^1.20 s) 


15.16. Model: The mass attached to the spring oscillates in simple harmonic motion. 

Solve: (a) The period T = 1// = 1/2.0 Hz = 0.50 s. 

(b) The angular frequency co = 2nf = 2;r(2.0 Hz) = 4 n rad/s. 

(c) Using energy conservation 

\kA 2 =\kxl+\mvl x 

Using x 0 = 5.0 cm, v 0r = -30 cm/s and k = mar = (0.200 kg)(4;r rad/s) 2 , we get A = 5.54 cm. 

(d) To calculate the phase constant <J)q, 

Hcos0 o = x 0 = 5.0 cm 

, 5.0 cm ") . , 

=>0 n = cos - =0.45 rad 

1,5.54 cm J 

(e) The maximum speed is v max = coA = (4 n rad/s)(5.54 cm) = 70 cm/s. 

(f) The maximum acceleration is 

a max = 0)2 A = co(coA) = (4k rad/s)(70 cm/s) = 8.8 m/s 2 

(g) The total energy is£ = |mv 2 ax = y(0.200 kg)(0.70 m/s) 2 = 0.049 J. 

(h) The position at t = 0.40 s is 

x qa s = (5.54 cm)cos[(4;rrad/s)(0.40 s) + 0.45 rad] = +3.8 cm 

15.17. Model: The oscillating mass is in simple harmonic motion. 

Solve: (a) The amplitude A = 2.0 cm. 

(b) The period is calculated as follows: 

co = = ^~ =10 rad/s => T = ——— = 0.63 s 
T 10 rad/s 

(c) The spring constant is calculated as follows: 
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co - 


— => k = mco = (0.050 kg)(10 rad/s) =5.0 N/m 


V m 

(d) The phase constant = - 2-zr rad. 

(e) The initial conditions are obtained from the equations 

x(t) = (2.0 cm)cos(10/-2-/r) and v A (/) = -(20.0 cm/s) sin (10/-2-/r) 

At / = 0 s, these equations become 

x 0 = (2.0 cm)cos(-2-/r) = 1.41 cm and v 0x = -(20 cm/s)sin(-2-/r) = 14.1 cm/s 

In other words, the mass is at +1.41 cm and moving to the right with a velocity of 14.1 cm/s. 

(f) The maximum speed is v max = Aco= (2.0 cm)(10 rad/s) = 20 cm/s. 

(g) The total energy E = \kA 2 = y(5.0 N/m)(0.020 m) 2 = l.OOxlO -3 J. 

(h) At / = 0.41 s, the velocity is 

v 0x = -(20 cm/s)sin[(10 rad/s)(0.40 s)- A n\ = 1.46 cm/s 


15.18. Model: The block attached to the spring is in simple harmonic motion. 
Visualize: 


v 0 = 40 cm/s 


Before 

II 

4 

After 

r 

Vj = 0 

Tmnrrrinmnnr i 

i 

_i_ 



Ax 

= A/2 , 

v 2 * "! 


nrrrnTTrvrrir 





(b> 


Solve: (a) The conservation of mechanical energy equation K t + U s{ = + U si is 

■i-wv 2 + jk(Ax) 2 = -jw+o + 0 J => 0 J + jkA 2 = {mv g + 0 J 


, m 

=> A = J~r v o = 


1.0 kg 


(0.40 m/s) = 0.10 m = 10 cm 


116 N/m 

(b) We have to find the velocity at a point where x = A/2. The conservation of mechanical energy equation 
K 2 + U S 2 = K i + U si is 

1 2 1 , 

-mvt h —k 
2 2 


The velocity is 35 cm/s. 


(A 

f 1 2 n T 

1 2 

1 2 

1 / 

' 1 . , 2 " 

) 1 2 

1 1 

1 2 " 

I 3 (! 2 I 

k 

I = ~ mv o + 0 J => 

2 mVl 

= —mv n 
2 0 

4\ 

—kA 

.2 , 

) = 2 mV ° 


^ 2 

1=4 2 WV ° 


’ 2 = J— v'o = . —(0.40 m/s) = 0.346 m/s 
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15.19. Model: She is free fall when not in contact with the trampoline. SHM while she is in contact. 

Visualize: Use conservation of energy, with gravitational potential energy transformed into spring potential energy. 


Before 


y (m) 




Known _ 

Vo = 0.55 m 
= —0.15 m 


Find 

'AT 


Solve: E i = E { 


mgy 0 = \ky 2 + mgy x 


Not that Vi is negative and | vj | = A. Divide by m and combine terms. 


2g(.v 0 -y\)=—y\ 

m 


Note that or =k!m and recall co = In IT. 


a 2 _ 2g(,Vo-,Vi) 
Vi 2 


co= 2g(y 0 -y x ) _ In 

y ? 7 


T = 2 k 


y i 


2g(y 0 - vi) 


= 2n. 


(-0.15 m) 1 


I 2(9.8 m/s")(0.55 m-(-0.15 m)) 


: 0.254 s 


The time in contact with the trampoline is only half a period (during the stretch down and back to equilibrium, but 
not up); so the time in contact is 0.13 s. 

Assess: The contact time is short because she was moving fast when she first touched the trampoline. 


15.20. Solve: From the figure, the amplitude of the oscillation is A = x max = 2 m. We also see that A max = 8 J. 

Em = K max = U max = \kA 2 => k = -= 4 N/m 
2 A 1 (2 m) 2 

Assess: This is a possible value of k for a long spring, and the units check out. 

Section 15.5 Vertical Oscillations 

15.21. Model: The vertical oscillations constitute simple harmonic motion. 
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Visualize: 



Solve: (a) At equilibrium, Newton’s first law applied to the physics book is 

(F ) y - mg = 0 N => —kAy - mg = 0 N 

=> k = -mg/Ay = -(0.500 kg)(9.8 m/s 2 )/(-0.20 m) = 24.5 N/m = 25 N/m 
(b) To calculate the period: 


k 

co = J — 


24.5 N/m 2n In rad . 

7.0 rad/s and T = — =-= 0.90 s 


m V 0.500 kg 


co 7.0 rad/s 


(c) The maximum speed is 


= Aa>- (0.10 m)(7.0 rad/s) = 0.70m/s 


Maximum speed occurs as the book passes through the equilibrium position. 


15.22. Model: The vertical oscillations constitute simple harmonic motion. 
Visualize: 



Solve: The period and angular frequency are 

T = -7^-= 0.6667 s and co=^- = ——— = 9.425rad/s 

30 oscillations T 0.6667 s 

(a) The mass can be found as follows: 
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&> = 



k 

=> m = — 
CQ- 


15 N/m 
(9.425 rad/s ) 2 


= 0.169 kg = 0.17 kg 


(b) The maximum speed v max = coA = (9.425 rad/s)(0.060 m) = 0.57 m/s. 


15.23. Model: The vertical oscillations constitute simple harmonic motion. 

Solve: To find the oscillation frequency using co = 2Kf = \jklm, we first need to find the spring constant k. In 
equilibrium, the weight mg of the block and the spring force kAL are equal and opposite. That is, 
mg = kAL => k = mg/AL. The frequency of oscillation/is thus given as 

f _ J_ _ J_ I mg/AL _ J_ l~g~ _ J_ I 9,8 m/s 2 _ 3 5 Hz 
2 K\m 2 k\ m 2 k\AL 2k V 0.020 m 

Section 15.6 The Pendulum 

15.24. Model: Model the clock as a simple pendulum undergoing SHM. 

Visualize: The pendulum passes through the lowest point twice each period, so T = 2.0 s. 

Solve: 

r = 2.£ = >T = ^f=( 2 - 0s ) 2 (9; 8 m/s 2 ) =0 99 m 
V g 4 k~ Ak z 

Assess: This is approximately the length of the pendulum in my grandfather’s clock; it may be a little different 
because the vertical rod to the bob is not massless. The bob can be moved up and down to allow for changes in 
length due to temperature variation. 

15.25. Model: Assume the small-angle approximation so there is simple harmonic motion. 

Solve: The period is T = 12 s/10 oscillations = 1.20 s and is given by the formula 

T = 2x^=>L = ^j-j S = (9.8 m/s 2 ) = 36 cm 


15.26. Model: Assume a small angle of oscillation so there is simple harmonic motion. 
Solve: The period of the pendulum is 

T 0 = 2k p- = 4.0 s 
V g 


(a) The period is independent of the mass and depends only on the length. Thus T = T 0 = 4.0 s. 

(b) For a new length L = 2 L 0 , 

T = 2k = y[2T 0 = 5.7 s 
V g 


(c) For a new length L = L 0 /2, 


T = 2k 


Lq/2 


-f=Tr > = 2.8 s 

V2 


(d) The period is independent of the amplitude as long as there is simple harmonic motion. Thus T = 4.0 s. 


15.27. Model: Assume the pendulum to have small-angle oscillations. In this case, the pendulum undergoes simple 
harmonic motion. 

Solve: Using the formula g = GM/R 2 , the periods of the pendulums on the moon and on the earth are 
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1 earth 


■■2k - = 2k W&rth and7m 

V § V GM earth 


■ 2k 


I R A 

^moon^moon 


GM„ 


Because T earth 

^moon ’ 


2n 


-^earth-dearth 


GM t 


■- In 


earth 


I /? z 
^moon^moon 


GM„ 


( ^moon 1 

( D A 

/Y earth 

V -^earth J 

n 

^-'unoon y 


L earth 


7.36xl0 22 kg' 

6.37xlO 6 m' 

5.98xl0 24 kg y 

„ 1.74x10 s m y 


(2.0 m) = 33 cm 


15.28. Model: Assume a small angle of oscillation so there is simple harmonic motion. 
Solve: (a) On the earth the period is 


1 earth 


= 2 n I— = In 


1.0 m 
9.80 m/s 2 


= 2.0 s 


(b) On Venus the acceleration due to gravity is 


_ GMy e nus _ (6.67xl0~ 11 N-m z /kg z )(4.88xl0^ kg) _ 


24 


gVenus 


R 


Venus 


(6.06X10 6 m) 2 


= 8.86 m/s 


1 Venus 


: 2k 


V &Ve 


■ 2k 


1.0 m 

8.86 m/s 2 


1 2.1 S 


15.29. Model: Assume a small angle of oscillation so that the pendulum has simple harmonic motion. 
Solve: The time periods of the pendulums on the earth and on Mars are 


1 earth 


: 2 K 


dearth 


and r Mars 



Dividing these two equations, 


T 

1 earth 
T 

-'Mars 


&Mars 

gearth 


‘ gMars gearth 


[ earth 
^Mars J 


= (9.8 m/s 2 ) 


1.50 s V 
2.45 s J 


= 3.67 m/s 2 


15.30. Model: Assume that the angle with the vertical that the pendulum makes is small enough so that there is 
simple harmonic motion. 

Solve: The angle 6 made by the string with the vertical as a function of time is 

Bit) = $ max cos (ojt +^o) 

The pendulum starts from maximum displacement, thus 0 O = 0. Thus, 6(t ) = 0 max cos cot. To find the time t when 
the pendulum reaches 4.0° on the opposite side: 

(-4.0°) = (8.0°)cos£W => <W = cos _ 1 (-0.5) = 2.094 rad 


Using the formula for the angular frequency, 


co = 



/9.8 m/s 2 , 2.0944 rad 

,-= 3.130 rad/s => t =- 

1 1.0 m co 


2.094 rad 
3.130 rad/s 


0.669 s 


The time t = 0.67 s. 

Assess: Because T = 2k/ co = 2.0 s, a value of 0.67 s for the pendulum to cover a little less than half the oscillation 
is reasonable. 
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15.31. Model: This is not a simple pendulum, but is a physical pendulum. Model the bar as thin enough to use 
/ = jML 2 where L is the full length of the rod. 


Visualize: For a small-angle physical pendulum T = 2k 



where / is the distance from the pivot to the center of 


mass. Note that / = LI 2. We seekL. 

Solve: Substitute in for I and then solve for L. 


T = 2k 


Mgl 


■ 2k. 


\ML 2 
I MgL/2 



r 

2k 


^ = Hr 2 = ^ (9 - 8l f 2) (l -2 s) 2 = 0.54 m = 54 cm 

2 o / r> 7 v •' 


• K o K 

Assess: It seems reasonable that a unifonn bar 54 cm long would have a period of 1.2 s. 


Section 15.7 Damped Oscillations 

Section 15.8 Driven Oscillations and Resonance 

15.32. Model: The spider is in simple harmonic motion. 

Solve: Your tapping is a driving frequency. Largest amplitude at / ext =1.0 Hz means that this is the resonance 
frequency, so f 0 = / ext =1.0 Hz. That is, the spider’s natural frequency of oscillation / 0 is 1.0 Hz and 
(Oq =2k/q= 2k rad/s. We have 


<w 0 = 



=> k = 


ma>Q = (0.0020 kg)(2;r rad/s ) 2 = 0.079 N/m 


15.33. Model: The motion is a damped oscillation. 

Solve: The amplitude of the oscillation at time t is given by the equation A(t) = , where r = m/b is the time 

constant. Using x = 0.368 A and t = 10.0 s, we get 

0.368H = Ae~ l0 '° sI2t => ln(0.368) = —=> r =- 10 0 S = 5.00 s 

2t 21n(0.368) 


15.34. Model: The pendulum is a damped oscillator. 

Solve: The period of the pendulum and the number of oscillations in 4 hours are calculated as follows: 



15.0 m 
9.8 m/s 2 


= 7.773 s =>/V 0SC 


4 ( 3600 s) =1850 
7.773 s 


The amplitude of the pendulum as a function of time is A(t) = Ae b,l2m . The exponent of this expression can be 
calculated to be 


bt _ (0.010 kg/s)(4x3600 s) 
2m ~ 2(110 kg) 


We have A{t) = (1.50 m )<?“ 0 ' 6545 = 0.78 m. 


15.35. Model: Assume the eye is a simple driven oscillator. 

Visualize: Given the mass and the resonant frequency, we can determine the effective spring constant using the 
relationship CO=2Kf = \fkim. 

Solve: Solving the above expression for the spring constant, obtain 

k = (2 Kffm = [2^(29 Hz)] 2 (7.5xl0 _ 3 kg) = 249 N/m = 250 N/m 

Assess: As spring constants go, this is a fairly large value, however the musculature holding the eyeball in the socket 
is strong and hence will have a large effective spring constant. 
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15.36. Model: Model the string as massless. 

Visualize: 



Known 
b = 0.010 kg/s 
m = 0.35 kg 
L = 0.45 m 
6 = 4.5° 
t = 25 s 


Find 


Solve: 


(a) First we find the period of the damped oscillations. 
^ 2k 2k 2k 

co 


0 % 


b l 


Am" 


b z 


Am" 


9.8 m/s 2 
0.45 m 


2k 

( 0.010 kg/s ) 2 
4(0.35 kg ) 2 


The number of oscillations in 25 s will be 


25 s _ 25 s 
~l r ~ 1.346 s 


18.6 


1.346 s 


So the oscillator has completed 18 oscillations. 

(b) Examine the figure to see that 

E 0 = mgh = mgL([ - cos 0) 

The energy at a later time is E(t) = E^e~ ,lT = E 0 e~ ht,m . The energy lost E L is 
E, = E 0 -E = E 0 (\- e~ btlm ) = mgL( 1 - cos &)( 1 - e ~ bl/m ) 

= (0.35 kg)(9.8 m/s 2 )(0.45 m)(l -cos4.5°)(l - <r (001 ° k s /s > (25 s)/(0 - 35 k s>) = 2.4 mJ 


Assess: Not much energy was lost because the damping constant was small. 


Problems 

15.37. Model: The particle is in simple harmonic motion. 

Solve: The equation for the velocity of the particle is 

v x (/) = -(25 cm)(10 rad/s)sin(10 t) 

Substituting into K = 2U gives 

■fmv 2 (/) = 2^£x 2 (/)j => 2/»[-(250 cm/s)sin(10 /)] 2 = £[(25 cm)cos(10 /)] 2 

^ sin 2 (10 Q = J k ) (25 cm ) 2 = ^ §2 

cos 2 (10/) \m J(250 cm/s ) 2 llOoJ 

tan 2 (10 0 = 2(10 rad/s ) 2 (j^-j s 2 = 2.0 =>/ = ^tan -1 V^O = 0.096 s 

15.38. Model: The spring undergoes simple harmonic motion. 

Solve: (a) Total energy is E = -^kA 2 . When the displacement is x = jA, the potential energy is 
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U = \kx 2 = \k{\Af = {({Cl 2 ) = = = 

One quarter of the energy is potential and three-quarters is kinetic. 

(b) To have U = jE requires 


15.39. Solve: Average speed is v avg = Ax/At. During half a period (At = ^-T), the particle moves from x = -A to 
x = +A(Ax = 2A). Thus 


Ax 

At 


2 A 

772' 


4 A 
T 


4 A 


2k 1(0 K 


= — {coA) = - 


* ^mav 


K 


K 


avg 


15.40. Model: The ball attached to a spring is in simple harmonic motion. 

Solve: (a) Let t = Os be the instant when x 0 = -5.0 cm and v 0 = 20 cm/s. The oscillation frequency is 


co = 



2.5 N/m 
0.100 kg 


= 5.0 rad/s 


Solving Equation 15.26 for the amplitude gives 


A = 



(-5.0 cm)" + 


/ \2 

2 20 cm/s 

5.0 rad/s 


= 6.4 cm 


(b) The maximum acceleration is a max = CO 2 A = 160 cm/s 2 . 

(c) For an oscillator, the acceleration is most positive (a = a max ) when the displacement is most negative 
(x = —x max = -A). So the acceleration is maximum when x = -6.4 cm. 

(d) We can use the conservation of energy between x 0 = -5.0 cm and Xj =3.0 cm: 


\m\’l + j.kxg = \mv{ + \kx[ => v l = Jvg + — (xq - x 2 ) = 0.283 m/s 

The speed is 28 cm/s. Because k is known in SI units of N/m, the energy calculation must be done using SI units of 
m, m/s, and kg. 


15.41. Model: The oscillator is in simple harmonic motion. Energy is conserved. 
Solve: The energy conservation equation £) = E 2 is 


{mv 2 +^-kx 2 =ywv| +\kx 2 

-(0.30 kg)(0.954 m/s) 2 + —k(0.030 m) 2 =-(0.30 kg)(0.714 m/s) 2 +-k(0.060 m) 2 

=> k = 44.48 N/m 


The total energy of the oscillator is 

Etotai = ^mvf+^kx 2 = i(0.30 kg)(0.954 m/s) 2 + ^-(44.48 N/m)(0.030 m) 2 = 0.1565 J 
Because £ total = |wv 2 ax , 


0.1565 J = |(0.300 kg)v 2 ax 


= 1.02 m/s 


Assess: A maximum speed of 1.02 m/s is reasonable. 
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15.42. Model: The transducer undergoes simple harmonic motion. 
Solve: Newton’s second law for the transducer is 


Restoring = ma max => 40,000 N = (0.10x10 3 kg)a max => a max = 4.0x 10 8 m/s 2 


Because a max = or A, 


— ^max 


4.0xl0 8 m/s t m 1a - 5 

. ---— = 1 . 01 x 10 m = 10.1 am 

or [2^r( 1.0x10 6 Hz )] 2 


(b) The maximum velocity is 

v max = mA = 2^(1.OxlO 6 Hz)(1.01xl0 -5 m) = 64m/s 


15.43. Model: The astronaut attached to the spring is in simple harmonic motion. 

Solve: (a) From the graph, T — 3.0 s, so we have 

T = 2K.f^=>m = (—} £ = (240 N/m) = 55 kg 

V k Kin ) K In ) 

(b) Oscillations occur about an equilibrium position of 1.0 m. From the graph, H = 4-(0.80 m) = 0.40 m, 0 o =O rad, and 

2k 2k ,, 

0 ) = — =-= 2.1 rad/s 

T 3.0 s 

The equation for the position of the astronaut is 

x(t) = Acosox + \ .0 m = (0.4 m) cos[(2.1 rad/s)f] + 1.0 m 
=>1.2 m= (0.4 m)cos[(2.1 rad/s)/] +1.0 m =>cos[(2.1 rad/s)t] = 0.5=>t = 0.50 s 

The equation for the velocity of the astronaut is 

v x {t) = -Acosin(cot) 

=> v 0 5 s = -(0.4 m)(2.1 rad/s)sin[(2.1 rad/s)(0.50 s)] = -0.73 m/s 
Thus her speed is 0.73 m/s. 


15.44. Model: The block attached to the spring is in simple harmonic motion. 
Solve: (a) The frequency is 

, 1 [F 1 2000 N/m , 100 TT 

/=—,— = — -=3.183 Hz 

2 K\m 2k]] 5.0 kg 


The frequency is 3.2 Hz. 

(b) From energy conservation, 


A = 



(0.050 m ) 2 + 


1.0 m/s 


2^-3.183 Hz 


= 0.0707 m 


The amplitude is 7.1 cm. 

(c) The total mechanical energy is 

E = \kA 2 = 4.(2000 N/m)(0.0707 m ) 2 = 5.0 J 


15.45. Model: Model this situation as a simple harmonic oscillator without damping. 

Visualize: The period is independent of the amplitude. If the oscillator is undamped the amplitude will be constant; 
the amplitude is just the arbitrary distance from the equilibrium from which the mass was released. The column of 
amplitude data is not needed. 

The period is related to the spring constant however: T = 2k. /F. 
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Solve: The equation T 2 = Ak 1 -j- leads us to believe that a graph of T 2 vs. m would give a straight line graph 
whose slope is An 1 Ik. Note that the period is 1/10 of the times given in the table. 

Period squared vs. mass 

y = 6.0997* + 0.0049, R 2 = 0.9977 



From the spreadsheet we see that the linear fit is very good and that the slope is 6.0997s 2 /kg. 


slope = 4 n Ik => k - 


An 


6.0997s /kg 


= 6.5 N/m 


Assess: Check the units carefully in the last equation. 6.5 N/m is a reasonable spring constant. 

15.46. Model: The block undergoes simple harmonic motion. 

Visualize: 



Solve: (a) The frequency of oscillation is 


/= 1 . |l0NAn =U25Hz 


2n\m 2;r^|0.20kg 

The frequency is 1.1 Hz. 

■ | 2 12 1 2 1 2 
(b) Using conservation of energy, + -y/bq = ymv 0 + -\-kx 0 , we find 


x, = \xl +^-(v 0 2 - v?) = (-0.20 m ) 2 + -^FM((1.00 m/s ) 2 -(0.50 m/s) 2 ) 

V k V 10 N/m 

= 0.2345 m or 23 cm 

(c) At time t, the displacement is x = ^4cos(<af + 0 O ). The angular frequency is a>= Inf = 7.071 rad/s. The 
amplitude is 


A = J*o+1 —I =, (-0-20 m) 2 +f 1 - 00m/s 1 = 0.245 m 
1 1 0 ) V { 7.071 rad/s J 


The phase constant is 


00 = cos — = cos 


1 ^0 


_i [— 0.200 m 
0.245 m 


= ±2.526 rad or ±145° 
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A negative displacement (below the equilibrium point) and positive velocity (upward motion) indicate that the 
corresponding circular motion is in the third quadrant, so = -2.526 rad. Thus at t = 1.0 s, 

x = (0.245 m)cos((7.071 rad/s)(1.0 s)- 2.526 rad) = -0.0409 m = -4.09 cm 

The block is 4.1 cm below the equilibrium point. 

15.47. Model: The blocks undergo simple harmonic motion. 

Visualize: 



The length of the stretched spring due to a block of mass m is AL l . In the case of the two-block system, the spring is 
further stretched by an amount A L 2 ■ 

Solve: The equilibrium equations from Newton’s second law for the single-block and double-block systems are 

(A L^k = mg and (ALj + A L 2 )k = (2m)g 

Using A L 2 =5.0 cm, and subtracting these two equations, gives us 

(AL| + A L 2 )k — AL\k = (2m)g — mg => (0.05 m)£ = mg 

k 9.8 m/s 2 -2 

=> — =-= 196 s 

m 0.05 m 

With both blocks attached, giving total mass 2m, the angular frequency of oscillation is 

co= J— = , = .1—196 s“ 2 = 9.90 rad/s 

V 2m M 2 m \2 

Thus the oscillation frequency is / = coIIk = 1.6 Hz. 


15.48. Model: Model the bungee cord as massless with a Hooke’s law restoring force. 
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Visualize: 


y (m) 

Before J 



After 


Known _ 

>-o = 0 

y l = —L = — 12 m 
m = 75 kg 
k = 430 n/m 

Find _ 

yi 

Time to reach y 2 


Solve: (a) Use energy conservation where E 0 = 0 at the top of the bridge. The energy at the lowest point is 

1 2 i 

E 2 = \k(y 2 ~ }’] ) + mgv 2 where y x = -L and y 2 - y x is the maximum stretch of the bungee and both y x and y 2 are 
negative. We seek v 2 . 

E 0 =E 2 ^> \k{y 2 - y x ) 2 + mgv 2 = 0 

Square the binomial, multiply through by 2 Ik, and collect terms to get this quadratic equation: 

g-iyijyi +y\ =o 

Use the quadratic formula. 

~( 2 f g ~ 2 v ') ± | 2 f s ~ 2v ') ~ 4v - 


2 , 

y 2 + 


2 — 

k 


Cancel a 2 from every term in top and bottom. 

y 2 =- 

(75 kg) 


( m V 

f m 1 




■ y \ 


r 


v (430 N/m) 

7.1 m or -20 m 


9.8 m/s -(-12 m) ± 


(75 kg) _ 9 g m/s 2 _ ( _ 12 m ) 


(430 N/m) 


-(12 m ) 2 


We want the second solution because it is below the length of the unstretched bungee; so the student’s lowest point is 
20 m below the bridge. 

(b) The total time to reach the lowest point will be the time to free fall 12 m plus one-quarter of a period of the SHO. 
Here’s the time to free fall until the bungee begins to stretch. 
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= 1.56 s 

g V 9.8 m/s" 

Now find 14 of a period for the bungee-spring motion (from unstretched to maximum stretch). 

T _ 2k jm _ k I 75 kg 
J ~ ~4~]l~k ~ 2~'V 430 N/m 

The total time is thus 1.56 s + 0.66 s = 2.2 s. 

Assess: The answers seem reasonable. 


= 0.66 s 


15.49. Model: Model the oscillations as SHM with no damping. 

Visualize: We are given L = 1.5 m, m = 0.85 kg, T = 2.0 s/36, r = 0.80 mm, and Ay = 2.5 mm. 


Solve: Use T = 2n / w=> a>- 2 nIT and co~ = khn => k = arm. 

I, [( 2 k 

m 


'' 2*' 2 ' 


_kL _ ( co z m)L 


V 


J 


2.0 s/36 




(0.85 kg) 


(1.5 m) 


71Y 


;r(0.80 mm)" 


= 8.1xl0 9 N/m 2 


Assess: The answer is just a bit smaller than the values of Y given in the table. We did not need to know the stretch 
Ay which set the cord into oscillation. (Confusing Ay with A L in the formula for Y gives the wrong answer.) 


15.50. Model: Model the oscillations as SHM with no damping. 

Visualize: We must pay careful attention to the notation so as to not confuse the period and frequency of the mass 
oscillating on the spring with the period and frequency of the rotational motion. We are given T osc = 0.35 s. 


Solve: First examine the oscillatory motion. 



For the circular motion use Newton’s second law in the radial direction. The Hooke’s law force is positive since 
radially inward is positive in this coordinate system. 

2 

XF r = k(Ar) = ma r = m(O voi r 


Divide by mr. 


2 _ k Ar 
m r 


"rot 


k A r 
m r 


147T Ar 

T 2 r 
I J osc 


4 n 


1(0.35 s) z 


-(0.15) = 6.95 rad/s 


1 rev 


2 n rad Jl 1 min 


60 s 


= 66 rpm 


Assess: This is a reasonable rotation speed. 


15.51. Model: The compact car is in simple harmonic motion. 

Solve: (a) The mass on each spring is (1200 kg)/4 = 300 kg. The spring constant can be calculated as follows: 

co 2 = — =>£ = mo) 2 = m(2jcf) 2 = (300 kg)[2^(2.0 Hz )] 2 = 4.74xl0 4 N/m 
m 

The spring constant is 4.7X10 4 N/m. 

(b) The car carrying four persons means that each spring has, on the average, an additional mass of 70 kg. That is, 
m = 300 kg + 70 kg = 370 kg. Thus, 

^ w 1 [k 1 U.74X10 4 N/m , „ TT 

/ = — = — J — = —. -=1.8 Hz 

2n 2 Ji\m 2 7r\ 370 kg 

Assess: A small frequency change from the additional mass is reasonable because frequency is inversely proportional 
to the square root of the mass. 
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15.52. Model: Assume simple harmonic motion for the two-block system without the upper block slipping. We 
will also use the model of static friction between the two blocks. 

Visualize: 



a 


, n 


I Bwj 

'►/s 

nrTTTTTTTTnnp 

m 2 


'(T G )l 


Solve: The net force on the upper block m j is the force of static friction due to the lower block m 2 . The two blocks 
ride together as long as the static friction doesn’t exceed its maximum possible value. The model of static friction 
gives the maximum force of static friction as 

C/s)max — Ms n — ~ m \ a max An ax — Msg 

— a max _ ^^max _ ( V f xl max 'l _ ( 2 K V f 0.40 m ) _ ^ 
g g U.5 sj U.8 m/s 2 J 

Assess: Because the period is given, we did not need to use the block masses or the spring constant in our calculation. 

15.53. Model: A completely inelastic collision between the bullet and the block resulting in simple hannonic motion. 
Visualize: 



Solve: (a) The equation for conservation of energy after the collision is 



i(m b +m B )v f 2 


m b + m B 


2500 N/m 
1.010 kg 


(0.10 m) = 5.0 m/s 


The momentum conservation equation for the perfectly inelastic collision p after = /? before * s 

0”b + " ! bH = "V'b + m B v B 

(1.010 kg)(5.0 m/s) = (0.010 kg)v b + (1.00 kg)(0 m/s) => v b = 5.0x10 2 m/s 

(b) No. The oscillation frequency ^Jk/(m b + m B ) depends on the masses but not on the speeds. 

15.54. Model: The DNA and cantilever undergo simple hannonic motion. 

Solve: The cantilever has the same spring constant with and without the DNA molecule. The frequency of 
oscillation without the DNA is 
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o\ 



With the DNA, the frequency of oscillation is 


Oh 

where m is the mass of the DNA. 

Divide the two equations, and express Oh = o\ - Ao), 


+ m 


where Affl=2M/ = 27 t( 50 Hz). 


_ f _ f 


fl fl~ A f 


(i«) 


M + m 


| (jM + mj 




Thus 


f 2 (\M) = {f-W) 2 (\M + m) 


m = \-M — - (A A/) ) = l M 

3 (/i-A/) 2 3 


fi 


(/i-A/r 


-i 


Since A/«/i, (50 Hz«12 MHz), (/, -A/T 2 =/f 2 


A/ 


-2 


i—H “/i 

V Ji 


-2 


1 + 2^ ]. Thus 

A 


m = 


i A/ 


1 + 2 —— 1 

/i J 3 /i 


A/ 


The mass of the cantilever 


M = (2300 kg/m 3 )(4000x 10 -9 m)(100xl0 -9 m) = 3.68xl0“ 16 kg 
Thus the mass of the DNA molecule is 

m = —(3.68xl0 -16 kg)| 50 U / —l = 1.02xl0“ 21 kg 

3 ll2xl0 6 HzJ 

Assess: The mass of the DNA molecule is about 6.2x10 5 atomic mass units, which is reasonable for such a large molecule. 

15.55. Model: Assume that the swinging lamp makes a small angle with the vertical so that there is simple harmonic motion. 
Visualize: 



y 0 = h, v 0 = 0 m/s 
y 0 =0 


Solve: (a) Using the formula for the period of a pendulum, 
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T = 2k \-^L=g — = (9.8 m/s 2 ) 


I g 


2k 


5.5 s 
2k 


= 7.5 m 


(b) The conservation of mechanical energy equation K 0 + £/ g0 = K l + 17 gl for the swinging lamp is 
\mvl + rngv 0 = \nn\ + mgy 1 => 0 J + mgh = 2-mv 2 ax + 0 J 
=> v max = = ^2g(L-Lcos3°) 

= ^2(9.8 m/s 2 )(7.5 m)(l-cos3°) =0.45m/s 


15.56. Model: Assume the orangutan is a simple small-angle pendulum. 

Visualize: One swing of the arm would be half a period of the oscillatory motion. The horizontal distance traveled in 
that time would be 2(0.90m)sin(20°) = 0.616m from analysis of a right triangle. 

Solve: 


T _ 2k l~L _ 2k I 0.90 m 
2 2 g 2 9 .8 m/s 2 


0.952s 


speed = 


dist 

time 


0.616 m 
0.952 s 


= 0.65 m/s 


Assess: This isn’t very fast, but isn’t out of the reasonable range. 

15.57. Model: Model swings to the left as SHM of a simple pendulum of length L (the short side) and swings to 
the right as SHM of a simple pendulum of length 2 L (the long side). That is, both angles are small. 

Visualize: We are given L = 12 cm. 

Solve: (a) The total period will be half a period of the short pendulum plus half a period of the long pendulum. 

= K( l + x/2) —=k(1 + t/2)J °- 12 111 =0.84 s 
V g V 9.8 m/s 2 


: T^short + 4-?i, 


long 



(b) To find the angle on the long side use energy conservation. The bob will swing just as high on the long side as it 
does on the short side. Call the rise h. 


h = L( l-cos0 short ) = (2Z)(l-cos<9 long ) 


Divide by L and solve for # long . 
1 —cosff sllort 


1 cos$| ong => $[ on g eos 


Assess: We expected the answer to be a bit less than 10°. 


_i ( 1 cos<9 


short 


= COS 


1 cosl 0 ° 


+ - 

2 2 


= 7.1° 


15.58. Model: Model the rod as a small-angle physical pendulum without damping. 

Visualize: Figure 15.20 in the chapter shows that / is the distance from the pivot to the center of mass; in this case 
l = L/4. 

Solve: We first need to compute the moment of inertia of a thin rod about an axis 1/4 of the way from one end. Use 
the parallel-axis theorem to do so: 

n2 


1 


12 


I = L m +Md = —ML + M — = —+ — \ML =—ML 


1 1 


12 16 


7 


48 


For the physical pendulum 


2 K y 


1 

1 

"s(t) 

1 _ 1 

fl 2 ? = 1 1 

1 I 2k \ 

i MLl 

2 k)I 

7 L k V 


Assess: The period T = 1 // is a little shorter than swinging the rod from the end, which is what we expect. 
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15.59. Model: Treat the lower leg as a physical pendulum. 

Visualize: We can determine the moment of inertia by combining T = 2 K^Jl/mgL and T = 1//. 

Solve: Combining the above expressions and solving for the moment of inertia we obtain 

/ = mgLKlnf ) 2 = (5.0 kg)(9.80 m/s 2 )(0.18 m)/[2;r(1.6 Hz)] 2 = 8.7xl0“ 2 kg ■ m 2 

Assess: NASA determines the moment of inertia of the shuttle in a similar manner. It is suspended from a heavy 
cable, allowed to oscillate about its vertical axis of symmetry with a very small amplitude, and from the period of 
oscillation one may determine the moment of inertia. This arrangement is called a torsion pendulum. 

15.60. Model: A completely inelastic collision between the two gliders resulting in simple harmonic motion. 

Visualize: 



Let us denote the 250 g and 500 g masses as m l and m 2 , which have initial velocities V;j and v i2 . After m { collides 
with and sticks to m 2 , the two masses move together with velocity v f . 

Solve: The momentum conservation equation p f = p x for the completely inelastic collision is 
(»![ + m 2 )v f = »i|Vji + m 2 v i2 . Substituting the given values, 

(0.750 kg)v f = (0.250 kg)(1.20 m/s)+ (0.500 kg)(0 m/s) => v f = 0.400 m/s 
We now use the conservation of mechanical energy equation: 


(A T U, )compressed 1 ^ )equilibri 

=> A 


• 0 J + ^rkA 1 = \(jn x + w 2 )v 2 + 0 J 


+ tn 2 


Vf : 


0.750 kg 
10 N/m 


(0.400 m/s) = 0.11 m 


The period is 


T = 2k. 


m i + m 2 


= 2k. 


0.750 kg 
10 N/m 


= 1.7 


s 


15.61. Model: The block attached to the spring is oscillating in simple harmonic motion. 

Solve: (a) Because the frequency of an object in simple harmonic motion is independent of the amplitude and/or the 
maximum velocity, the new frequency is equal to the old frequency of 2.0 Hz. 
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(b) The speed v 0 of the block just before it is given a blow can be obtained by using the conservation of mechanical 
energy equation as follows: 

\kA 2 = }mv^ ax = }mvo 

=> v 0 = A—A = coA = {2nf)A = (2k)(2.0 Hz)(0.02 m) = 0.25 m/s 
V m 

The blow to the block provides an impulse that changes the velocity of the block: 

J x = F x At = A p = mVf - mv 0 

(-20 N)(1.0xl0“ 3 s) = (0.200 kg)v f -(0.200 kg)(0.25 m/s) =>v f =0.150m/s 
Since v f is the new maximum velocity of the block at the equilibrium position, it is equal to Aco. Thus, 


A = 


0.150m/s 0.150m/s 


= 0.012 m = 1.19 cm = 1.2 cm 


0) 2k(2.0 Hz) 

Assess: Because v f is positive, the block continues to move to the right even after the blow. 


15.62. Model: Assume the small-angle approximation. 
Visualize: 


y 




Solve: The tension in the two strings pulls downward at angle #. Thus Newton’s second law is 

HF y = -2T sin <9 = ma y 

From the geometry of the figure we can see that 


sin# = 


y 



If the oscillation is small, then y<I and we can approximate sin 6~y/L. Since y/L is tan#, this approximation 
is equivalent to the small-angle approximation sin# = tan# if #<Clrad. With this approximation, Newton’s 
second law becomes 

nT ■ a 2 T d 2 v _ d 2 y 2T 

-27sin# =- y = ma,,=m —— => —r- =-v 

L y dt 2 dt 2 mL ■ 

This is the equation of motion for simple harmonic motion (see Equations 15.32 and 15 . 46 ). The constants 2 ThnL are 
equivalent to k!m in the spring equation or g/L in the pendulum equation. Thus the oscillation frequency is 

J_ f2T 
2k V mL 
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15.63. Solve: The potential energy curve of a simple harmonic oscillator is described by U = \k(Ax) 2 , where 

Ax = x - x 0 is the displacement from equilibrium. From the graph, we see that the equilibrium bond length is x 0 =0.13 mi. 
We can find the bond’s spring constant by reading the value of the potential energy U at a displacement Ax and 
using the potential energy formula to calculate k. 


x (nm) 

Ax (nm) 

UU) 

k (N/m) 

0.11 

0.02 

0.8xl0“ 19 J 

400 

0.10 

0.03 

1.9xl0“ 19 J 

422 

0.09 

0.04 

3.4xl0“ 19 J 

425 


The three values of k are all very similar, as they should be, with an average value of 416 N/m. Knowing the spring 
constant, we can now calculate the oscillation frequency of a hydrogen atom on this “spring” to be 


I 416 N/m 
2 K\m 2k ]j l ,67xl0 -27 


15.64. Visualize: 


y 



Free-body diagram 
for the penny 


Solve: (a) Newton’s second law applied to the penny along the y-axis is 

F net = n ~ m g = ma y 

I 

F net is upward at the bottom of the cycle (positive a ), so n > mg. The speed is maximum when passing through 

I 

equilibrium, but a =0 so n = mg. The critical point is the highest point. F net points down and a v is negative. If 
a y becomes sufficiently negative, n drops to zero and the penny is no longer in contact with the surface. 

(b) When the penny loses contact (n = 0), the equation for Newton’s law becomes a max = g. For simple harmonic 
motion, 


fl max 


=> (0 = 



9.8 m/s 2 
0.040 m 


: 15.65 rad 


(o 15.65 rad/s , , TT 

■ / = — =-= 2.5 Hz 

2k 2k 


15.65. Model: The vertical oscillations constitute simple harmonic motion. 
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Visualize: 



Solve: At the equilibrium position, the net force on mass m on Planet X is: 

k _ Sx 


F net = kAL - mg x = 0 N : 


m 


A L 


For simple harmonic motion k/m = af 9 thus 


A L 


V AL T 


•Sx = 


2k 

T 


AL = 


2k 


14.5 s/10 


(0.312 m) = 5.86 m/s 2 


Assess: Because ordinary tasks seemed easier than on earth we expected an answer less than 9.8 m/s . 

15.66. Model: Model the object as a sphere of uniform density. The missing mass from the tunnel is negligible. 
Visualize: Put the origin of the coordinate system at the center of the spherical object. 



Solve: (a) Use Newton’s law of gravitation with M m the mass with r < x. 

mM 

p = G in 


To find M in assume the ratio of masses equals the ratio of volumes since the density is uniform. 

3 


4 3 

M V 

1VJ in _ v in _ 3 


M V ^kR 3 


■ M : n — M —r - 


R 


Now plug into the previous equation. 


mM ; mM x mM 

F = G —r ie - = G —--- = G — 


x 2 R 3 


R> 
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This force is linear inx and represents a Hooke’s law restoring force. The collection of constants in front of the jc is 
the kfor this SHM; i.e., k = GmM/R 2, . 

(b) The time it takes the astronaut to emerge on the other side of the asteroid is one-half of a period of the SHM. 


T _ In m _ | m 

2 2 V k GmM/R 


3 r \gm 


= J- n (75 , km \ 3 -jg-= 4200 s = 70 min 

y (6.67xl0 _n N• m“/kg 2 )(3.5xl0 18 kg) 

Assess: This is the same amount of time for a satellite in orbit just above the asteroid’s surface to make half an orbit. 
Notice that we did not need the mass of the astronaut (or the particle), so it is irrelevant. 

15.67. Model: The doll’s head is in simple harmonic motion and is damped. 

Solve: (a) The oscillation frequency is 

/=— — =>k = m(2;r/) 2 =(0.015 kg)(2;r) 2 (4.0 Hz) 2 = 9.475N/m 
2k V m 

The spring constant is 9.5 N/m. 

(b) Using A(t) = A 0 e ~ b,/2m , we get 

(0.5 cm) = (2.0 cm)^ 4 - 0 "M 2 * 0 - 015 ^ => 0.25 = e" 4133 ' 3 ***» 

^>-(133.33 s/kg)Z> = ln0.25 =>b = 0.0104 kg/s = 0.010 kg/s 


15.68. Model: The oscillator is in simple harmonic motion. 

Solve: The maximum displacement at time t of a damped oscillator is 


x msa {t) = Ae 


__ | n -^max (0 

2 t i A 


Using x max = 0.98H at t = 0.50 s, we can find the time constant r to be 


0.50 s 


= 12.375 s 


21n(0.98) 

25 oscillations will be completed at t = 25 T = 12.5 s. At that time, the amplitude will be 

X max, 12.5 s = (10 Cm)e " 12 ' 5 s/ ( 2 )( 12 - 3 75 s) _ 5 q C m 


15.69. Model: The vertical oscillations are damped and follow simple harmonic motion. 

Solve: The position of the ball is given by x(t) = Ae~^ /2r) cos(cot + The amplitude A(t) = Ae~ ( ' t,2r ' > is a 
function of time. The angular frequency is 

[k~ 1(15.0 N/m) Ariri 2k . . ._ 

( 0 = A —= /--= 5.477 rad/s => T = — = 1.147 s 

\m ]j 0.500 kg co 

Because the ball’s amplitude decreases to 3.0 cm from 6.0 cm after 30 oscillations, that is, after 30x1.147 s = 34.41 s, 
we have 


3.0 cm = (6.0 cm)e -(34 ' 414 s/2r) => 0.50 = e“( 34 - 41 s/2r ) => ln(0.50) = 


-34.41 s 


■ r = 25 s 
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15.70. Model: Model the swinging disk as a physical (not simple) pendulum. 
Visualize: 




Known 
L = 6.0 m 
R= 1.0 m 
00 = 10 ° 

025 min = 7 ° 

Vy =1.0 mm/s 
Ay = 3.0 m 


Find 

v final pass 


Solve: For the physical pendulum we need the moment of inertia. The massless rod contributes nothing. The 
moment of inertia of the disk about the point where the rod is attached at the top (by the parallel axis theorem) is 

4isk = 4m. + + 4" = \ mR 2 + m(L + R)~ 


Now we compute the undamped frequency of oscillation. 

SEM, I •nSd + R) I sd*K) . I (9.1 m/s 2 )(7.0 m) ., ^ 

V / \\mR 2 +m(L + R) 2 ]j j-R 2 + (L + R) 2 |i(1.0m) 2 +(7.0m) 2 

The actual damped angular frequency is 



so we need to figure out r from the information given about the damping from 10° to 7° in 1500 s. 

(0.70)A = A n e~ t/2r => ln(0.70) = -t/2r => r = ---= — 1500 s =2103 s 

21n(0.70) 21n(0.70) 


Plug this into the equation for co. 


co = 



(1.177 rad/s) 2 ---=1.177 s 

\ 4(2103 s) 2 


That is, a>~ co 0 , so this is a lightly damped system. Now we turn to the speed of the bottom edge of the blade, 
which is (L + 2R) from the pivot point. The equation for the angular motion of the damped oscillator is 

<9(0 = AQe~ t,2T cos(cot) 

F ind the derivative of this by the product rule. 

cl 0 , ( 1 —// 27 " — t/^T • 

— = A)\ — e cos cot-e cosmcot 

dt u Ur 

Now multiply by the distance from the pivot to get the linear speed. 
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dd 


dt 


v = (L + 2R)— = (L + 2R)A <) \—e ,I2t coscot - e TI2T cos'mcot 


-tl lx , 


2 T 


= (L + 2R)(-A 0 e tl2t )\ -d-cos cot+ cos '\n cot 


From the speed of the lowering pendulum we compute the time until Bond is freed. 

3.0 m 


t ■ 


1.0 mm/s 


-30 s = 2970 s 


The amplitude at that time is 

4 -inal = A>e~ tl2T = (10°)e _(297 ° s)/2(2103 s > = 4.935° 


The pendulum passes the lowest point when cos&tf = 0. When cos<W = 0then sin<W = l. Put this all together to get 
the speed of the last pass at the bottom before Bond is freed. Drop the minus sign since we want the speed. 


v = (L + 27?)^ fmal (0+ co- 1) = (6.0 m+2.0 m) 4.935° 


K rad 
180° 


(1.177 rad/s) = 0.81 m/s 


Assess: The answers seem reasonable. We did not need the mass of the circular blade since it canceled in the 
formula for co. 


15.71. Model: The motion is a damped oscillation. 

Solve: The position of the air-track glider is x(t) = Ae~ t ’ t,2r ' 1 cos(cot + where T-mlb and 


<y =,- 


b 2 


m 4 n r 


Using A = 0.20 m, </) 0 = 0 rad, and b = 0.015 kg/s, 


co 


= 4 -0N/m _ (001 5 kg/s) 2 — ^/ 16 — 9xl Q-4 

p.250 kg 4(0.250 kg) 2 


rad/s = 4.0 rad/s 


Thus the period is 


2k 2k rad 

T = — =-= 1.57 s 


co 4.0 rad/s 


The amplitude at t = 0 s is x 0 = A and the amplitude will be equal to e l A at a time given by 

-A = Ae~ mz) => t = 2r = 2— = 33.3 s 
e b 

The number of oscillations in a time of 33.3 s is (33.3 s)/(l .57 s) = 21. 


15.72. Model: The oscillator is in simple harmonic motion. 

Solve: The maximum displacement, or amplitude, of a damped oscillator decreases as x max (t) = Ae~' 2r , where T 
is the time constant. We know x m& JA = 0.60 at t = 50 s, so we can find r as follows: 

_(_ _ Unax (0 

2 t { A 


=>T = — 


50 s 


21n(0.60) 


-=48.9 s 


Now we can find the time / 30 


at which x max 
t 30 = -2rln( 


/A = 0.30: 
Vax ( 0 ") 

. ^ J 


= -2(48.9 s)ln(0.30) = 118 s 
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The undamped oscillator has a frequency / = 2 Hz = 2 oscillations per second. Damping changes the oscillation 
frequency slightly, but the text notes that the change is negligible for “light damping.” Damping by air, which allows 
the oscillations to continue for well over 100 s, is certainly light damping, so we will use / = 2.0 Hz. Then the 

number of oscillations before the spring decays to 30% of its initial amplitude is 

N = f -/jo = (2 oscillations/s) -(118 s) = 236 oscillations 


15.73. Solve: The solution of the equation 


d z x b dx k 

—- +-+ — x = 0 

dt m dt m 


is x(t) = Ae ht,2m cos(ffif + <f> 0 ). The first and second derivatives of x(t) are 

— = -— e ~ bt,2m cos (cot + </> 0 )~ Acoe~ ht/2m sin(<at + <f> Q ) 
dt 2m 


d 2 x 
dt 1 


( Ab 2 . 2 1 

coAb . 

— j-Aco- 

cos (cot + ffl 0 ) h -sin (rat + ffl 0 ) 

yAm 2 J 

m 


-bt/2m 


Substituting these expressions into the differential equation, the terms involving sin(rat + </> 0 ) cancel and we obtain 
the simplified result 


( ,2 ,3 

—b 2 k 
—- -co+ — 
y 4m~ m J 

Because cos(<af + 0 O ) is not equal to zero in general, 


cos(<af + <f> 0 ) = 0 


-b 1 2 k kb 2 

-or + — = 0 => ra =,- 


4 ni 


m 4 m 


15.74. Model: The two springs obey Hooke’s law. 

Visualize: 



\ T 
0 x 

Equilibrium-^ 


Solve: There are two restoring forces on the block. If the block’s displacement x is positive, both restoring forces— 
one pushing, the other pulling—are directed to the left and have negative values: 

(^net)x = (^sp l)* + (^sp ~ k 2* = “(*1 + h)* = ~ k e ffX 

where k eff = k^ + k 2 is the effective spring constant. This means the oscillatory motion of the block under the influence 
of the two springs will be the same as if the block were attached to a single spring with spring constant k eff . The 
frequency of the blocks, therefore, is 

/ ,2_& = 2-E±¥ = 

2 7T\m 2k v m \ 4 K m 4 K m 
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15.75. Model: The two springs obey Hooke’s law. Assume massless springs. 
Visualize: Each spring is shown separately. Note that Ax = Axj + Ax 2 . 



Solve: Only spring 2 touches the mass, so the net force on the mass is F m = F 2 on m . Newton’s third law tells us that 
F 2 on m = on 2 an d that N 2onl =F lon2 . From F net = ma, the net force on a massless spring is zero. Thus 
N w on 1 = F 2 on i = A'jAxj and F m on 2 = F] on 2 = ^ 2^ x 2 ■ Combining these pieces of information, 


F m = k x Axj = k 2 Ax 2 


The net displacement of the mass is Ax = Axj + Ax 2 , so 

Ax = Ax, + Ax, = — + — = 

k\ k 2 

Turning this around, the net force on the mass is 


1 1 


—+ — |F m = 


_ N 


k\ + k') 


k^2 


F m 


F m = —Ax = ^ e ff Ax where k pff = ^ 2 


h + k 2 


'eff 


k x + k 2 


k efi , the proportionality constant between the force on the mass and the mass’s displacement, is the effective spring 
constant. Thus the mass’s angular frequency of oscillation is 


G)= ~ 


1 k x k 2 


V 


m k x + k~, 


Using Ojf = k x /m and C0 2 = k 2 lm for the angular frequencies of either spring acting alone on m, we have 


a = | ( k x /m){k 2 lm ) _ J 


,2 ,,2 
{ 

.2 , „2 


I (k x hn) + (k 2 hn) of+a% 

Since the actual frequency/is simply a multiple of a), this same relationship holds for /: 


/ = 


_ f\ f 2 


\fi 2 +fi 


Challenge Problems 

15.76. Model: The rod is thin and uniform with moment of inertia described in Table 12.2. The clay ball is a 
particle located at the end of the rod. The ball and rod together fonn a physical pendulum. The oscillations are small. 
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Visualize: 


Pivot point 



1 2 2 

A-od + ball = 4od + 4all = ^ m rod L + m bal4“ 

= ^-(0.200 kg)(0.15 m) 2 +(0.020 kg)(0.15 m) 2 = 1.95xl0“ 3 kg m 2 

The center of mass of the rod and ball is located at a distance from the pivot point of 

'0.15 


(0.200 kg) —— m +(0.020 kg)(0.15 m) 
y cm =- V 2 J -= 8.18xl0“ 2 m 


(0.200 kg+ 0.020 kg) 
The frequency of oscillation of a physical pendulum is 


J_ fMgi 1 1 (0.220 kg)(9.8 m/s 2 )(8.18xl0~ 2 m) 

~ 2n\ I ~ 2 k )J 1.95xl0“ 3 kgm 2 

The period of oscillation T = ~j =0.66 s. 

15.77. Model: Model the sphere as a small-angle physical pendulum without damping. 

Visualize: Figure 15.20 in the chapter shows that / is the distance from the pivot to the center of mass; in this case l = R. 
Solve: We first need to compute the moment of inertia of a sphere about an axis tangent to the edge. Use the 
parallel-axis theorem to do so: 

/ = I r m + Md 1 = -MR 2 + MR 2 = -MR 2 
cm- 5 5 


For the physical pendulum 


f = TZ 


Mgl _ 1 MgR l 5 g 


271 \ I 27TU 2-MR 2 27i\l R 


Assess: The frequency is less than for a simple pendulum of length R as we expect. 

15.78. Model: The rod is a physical pendulum whose moment of inertia about the middle is 7 C m = -prML 2 . 
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Visualize: 



Solve: (a) The period of a physical pendulum is 


T = 2k 


Mgx 


where jc is the distance from the pivot to the center of mass. We use the parallel axis theorem to find/. 

-^rod — -^c.m. 1 

Plug this in to the formula for the period and cancel M. 


I Ioi =I c . m +Mx z =^Mt+Mx z 


T = 2k. 


i ML 2 +Mx 2 


Mgx 


= 2 71. 


l L 2 +x 2 


< l L 2 +x 2 ^ 


1/2 


I 12 


= 2k 


gx 


12 


gx 


This is the period as a function of L and x. To find the value of x for which the period is a minimum we take the 
derivative with respect to x and eventually set it equal to zero. To take the derivative we first use the exponent rule 
and then the quotient rule on what is inside. 

dT 
dx 

We could attempt to simplify this further before setting equal to zero, but we can see that the only way the entire 
expression can be zero is if the numerator of the last factor is zero. This will save lots of time and effort. 

2x 2 - (t l —L“ + x 2 ) = 0 => 2x 2 = j^L~ + x 2 => x = j— L 
(b) Go back to the formula for the period and put in the value Z,/Vl2 for x and plug in the numbers. 


.rn 


-1/2 

gx{2x)-(±L 2 +x 2 )g^ 

- n 


-1/2 


UJ 

gx 

V / 


g 2 x 2 

V J 

l g * J 


gx 2 

V J 


T = 2k, 


■ 2k 




gx 


T^ + 


Vl2 


: 2k — — t _ = 2 *- -^- 7 — 

\ g te z ) i g bH 


1 L 2 + —L 2 


±L 2 


'\h L 


: 2K, 


- =2 K. 


f L 

—— = 2k, 


g 


g 


fd.Om) 

—- -1.5s 


' (9.8 m/s 2 ) 


Assess: This is a reasonable period. Notice that the mass canceled out so we did not need to know it. 

15.79. Model: The block undergoes simple harmonic motion after sticking to the spring. Energy is conserved 
throughout the motion. 
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Visualize: 


y 



Drop Hit Equilibrium Lowest Highest 


It’s essential to carefully visualize the motion. At the highest point of the oscillation the spring is stretched upward. 
Solve: We’ve placed the origin of the coordinate system at the equilibrium position, where the block would sit on 
the spring at rest. The spring is compressed by A L at this point. Balancing the forces requires kAL = mg. The 

angular frequency is w 2 = k/m = g/AL, so we can find the oscillation frequency by finding A L. The block hits the 
spring (1) with kinetic energy. At the lowest point (3), kinetic energy and gravitational potential energy have been 
transformed into the spring’s elastic energy. Equate the energies at these points: 

K[ + Ui s = t/ 3s + t/ 3g => \mv 2 + mgAL = \k(AL + A) 2 + mg{-A) 

We’ve used y 1 = AL as the block hits and y 3 = -A at the bottom. The spring has been compressed by Ay = AL + A. 
Speed Vj is the speed after falling distance /?, which from free-fall kinematics is v 2 = 2gh. Substitute this expression 
for v 2 and mg!AL for k, giving 


Jfl2 ? 

mgh + mgAL = (A L + A)~ + mg(-A ) 

The mg term cancels, and the equation can be rearranged into the quadratic equation 

(AL) 2 + 2h(AL) - A 2 = 0 


The positive solution is 

AL = \lh 2 + A 2 - h = yj(0.030 m) 2 + (0.100 m) 2 -0.030 m = 0.0744 m 
Now that AL is known, we can find 


(O- 



1 9.80 m/s 2 
V 0.0744 m 


= 11.48 rad/s =>/ = — = 1.8 Hz 
2k 


15.80. Model: Assume that the pendulum is restricted to small angles so sin# ~ 6. 
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15-37 


Visualize: Because the string is massless the center of mass is at the center of the sphere, so / = L in the formula for 
a physical pendulum: T = In 



Solve: 

(a) First we use the parallel axis theorem to find I for the sphere around the pivot point at the top (L away): 
I = I cm +Md 2 = |Mft 2 + ML 2 . 


T = 2n -= In. 

I Mgl } 


\}MR 2 + Ml} 


= In. 


\}R 2 + L 2 


MgL V S L 

This reduces to the traditional simple pendulum formula T = 2n^L i n the limit L^$> R. 

(b) 


2n t 


*real _ 


T 

-'simple 


jR 2 +Lr 

I 8L _ 

2n.[^- 


yjj R 2 +L 2 ^|(0.010m) 2 +(1.0m) 2 


1.0 m 


00002 


Assess: Making the simple pendulum approximation introduces an error of only 0.002% with these numbers. 


15.81. Model: The rod is thin and uniform. 

Visualize: 



Solve: We must derive our own equation for this combination of a pendulum and spring. For small oscillations, 
F s remains horizontal. The net torque around the pivot point is 


r net = I a= -F S L cos 0 — Fq 



sin 8 


With or = F g 
dt 


1 2 

: mg, F s = kAx = kL sin0, and / = — mL , 
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d-d 3k 3g . 

—— =-sin^cos# —sin# 

dt 2 m 2 L 


We can use sin#cos# = —sin2#. For small angles, sin# = # and sin2# = 2#. So 


4 = + 

dt 2 V m 2 L ) 


This is the same as Equations 15.32 and 15.46 with 


co~- 


3^ + 3g 
m 2 L 


The frequency of oscillation is thus 

_L/ 3(3.0N/m) + 3 (9.8m/s 2 ) =173Hz 
2n ]] (0.200 kg) 2(0.20 m) 


The period T = y- = 0.58 s. 

Assess: Fewer than two oscillations per second is reasonable. The rod’s angle from the vertical must be small 
enough that sin2# = 26. This is more restrictive than other examples, which only require that sint? ~ 6. 
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